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Dwelltime analysis is known to characterize saddles giving rise to chaotic scattering. In the present
paper it is used to characterize the dependence on initial conditions of the attractor approached by
a trajectory in dissipative systems described by one-dimensional, noninvertible mappings which
show symmetry breaking. There may be symmetry-related attractors in these systems, and which
attractor is approached may depend sensitively on the initial conditions. Dwell-time analysis is
useful in this context because it allows to visualize in another way the repellers on the basin

boundary which cause this sensitive dependence.

Introduction

Nonlinear dynamical systems with coexisting at-
tractors are likely to produce fractal structures in the
plane of initial conditions [1]. This also holds for 1-di-
mensional mappings. Here, the basin boundaries can
be classified as being smooth, quasi-fractal or fractal
[2].

An interesting special case are mappings obeying
distinct symmetries. Due to the presence of the sym-
metry, attractors are either invariant under applica-
tion of the symmetry operation, or there is a set of
coexisting symmetry-breaking attractors which are
transformed into each other by the operation. It has
been demonstrated [3] that the structure of a basin
boundary is determined by the mechanism of symme-
try breaking in the latter case: for period-2 orbits with
a broken symmetry the existence of the boundary
gives rise to a quasi-fractal dependence of which at-
tractor is eventually approached on initial conditions.
This dependence is due to the existence of a repeller in
phase space that allows a trajectory to escape into
either of the coexisting attractors after performing a
(sometimes very long) transient on the repeller. The
behavior is reminiscent of chaotic scattering of parti-
cles due to a chaotic saddle in phase space [4]. The
trajectories approach the saddle along the stable man-
ifold, perform a transient, and finally leave along one
of a few bundles of outgoing unstable manifolds. Sim-
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ilar to the present case the dependence of the outgoing
states depends sensitively on initial conditions for
these systems. This behavior is caused by the chaotic
saddle. The mutual connection between properties of
the saddle and sensitive dependence on initial condi-
tions has successfully been uncovered by dwell-time
analysis [5]. To the authors’ knowledge, however, such
an analysis has never been performed to analyse basin
boundaries of coexisting attractors in one-dimen-
sional maps.

In this paper we focus on the point that a fractal
dependence on initial conditions is due to a repeller on
the boundary of the basin of attraction of an attractor.
Long transients into one of the attractors stay in the
vicinity of the boundary for a long time. They provide
information about this unstable set (cf. [6]), e.g.
whether there are only a few unstable cycles or even a
chaotic repeller on the basin boundary. Dwell-time
plots form a useful tool in deciding this, because they
allow to visualize the unstable sets.

2. Maps with Symmetry

Let us consider a d-modal [3, 7, 8 map
Xpr1 =f(x,,0), [i[A;, 4] >[4, 4], (1)

where a is a control parameter and the function f on
the interval on the real axis [4,, 4,] has a discrete
symmetry s:

sof=fos,

In the following we restrict us to the simplest case,
namely to sos = 1. The symmetry s(x) = — x requires

si[A;, 4] >[4, 4] 2
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that two kinds of M-cycles (M-periodic points) exist.
On the one hand, there always are M-cycles, A, sym-
metric under s:

(X = s({xI)), 3)

where we have used the following notation for the
M-cycle: {x4} = {54, -, x5}

On the other hand, there may also be M-cycles, B,
which are not symmetric under s. In that case there
exists for each B another symmetry-conjugated M-cy-
cle B’ satisfying

SURBD) = (X8 () =[x} @)

A discussion of the implications of the symmetry on
the dynamics is given in [3], where they are illustrated
by the map f(x)=(1 —a) x4+ a-x> This map is
symmetric under inversion, i.e. it obeys the symmetry
s(x) = — x. Our present discussion starts from these
results. However, for the present paper we prefer to
discuss the function

fx)=

which shows analogous behavior (Figure 1). It has
the advantage to allow for analytical calculations of
many of the parameter values of interest. In Fig. 2a
the bifurcation diagram of (5) for one fixed initial
condition is shown. There is only one stable fixed
point x4 =0 for a<2. At a=2 there is a period-
doubling bifurcation. At this bifurcation the fixed
point becomes unstable, and a 2-cycle x, = { + =2}
symmetric under s is born. It is stable for 2 <a < 4.
More interestingly, at a =4, the symmetry of the
attracting set in f is broken. The symmetric two
cycle bifurcates, bringing forth two stable unsym-
metrlczcycles {x&} =43+ -1+/3i-4
and {xZ} = {;— /5 =1 =3~ /4~ i} which are
shown in Figure 1. Each of these orbits performs a
period doubling cascade separately. During the whole
cascade the symmetry of the map remains broken. It
is only restored in a merging crisis [9] of the resulting
chaotic bands which is clearly visible at a ~ 4.679. It
is well known that there are no chaotic invariant sets
in the map before the first period doubling cascade
terminates [10]. In particular this implies that there
cannot be a chaotic saddle on the basin boundary for
a < 4.6. On the other hand, there certainly is a chaotic
saddle in the period-4 window at 5.404 < a < 5.467.
Figure 2b shows a more detailed view of the bifur-
cation diagram on one of the four branches in this

1—a) x+a-x-|x|, (5)
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Fig. 1. Notations used in dealing with the map f(x) = (1 —a)
-x+a-x-|x|. The map and its second iterate f(f(x)) are
shown for the parameter value a = 4.40. For all parameter
values the map has fixed points at —1, 0 and +1. Fora > 1
the map also has a maximum and a minimum at

Xmax = — %5+ and x,;, =41, respectively. At a=2 a

max 2a min 2

symmetric 2-cycle lx,z} ={+ 2%} is born, which subse-
quently, at a = 4, gives rise to another two, symmetry re-

lated 2-cycles {xf’z}z 1+\/‘—l 14+ /I—1} and
xh=1{3—- \/4—;, -1 \/1 11 The three intervals

l Xe2f =
generating the symbolic encodmg of trajectories are indi-
cated by arrows on top of the figure.

window. There is a symmetric period-4 cycle for
5404 < a <5.432. Just as in the period-2 case this
orbit bifurcates into two symmetry-broken period-4
cycles each of which performs a period-doubling cas-
cade separately. Finally at a &~ 5.455 the symmetry is
restored again.

The effect of symmetry breaking on the form of the
basin boundaries will be discussed next. After symme-
try breaking there are two coexisting attractors, thus
there are two basins of attraction present. The struc-
ture of these basins are given by the closure of the
stable manifold of unstable periodic points [2]. In [3]
it was suggested to visualise the morphology of coex-
isting attractors and the unstable periodic points by
plotting the values xy, -, xy,, as functions of the
initial condition, where M is the periodicity of the
attracting orbits and N is a number which has to be
choosen sufficiently large to ensure that transients
have died out for almost all initial values. In this way,
quasi-fractal [2] behavior was found in the period-2
window. At the lower parts of Fig. 3 we present the
corresponding plots for the map (5). At the parameter
values taken in Fig. 3a the symmetric period-2 orbit
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Fig. 2. Bifurcation diagrams for the map f(x)=(1 —a)- x + a- x - | x|. (a) The map shows an attractor in the whole range

froma=1tilla=3+ i/g ~ 5.8284. There is an attracting fixed point at the former parameter value and a whole chaotic
band at the latter one. For still larger values of a the attractor turns into a saddle, and almost all initial conditions escape
to infinity. The values of a are chosen in steps of 0.02. For any of these values one initial point, x = 0.01, was iterated 250
times and the following 256 point are plotted. This gives a good description of the attracting set, because initial transients
typically have died out after 250 iterations. Note that there are two symmetry-related attractors in the map for 4 < a < 4.679.
Due to the construction of the plot by one fixed initial condition, only one of them is shown in the plot. At a ~ 4.1 the initial
condition changes the basin of attraction. As a consequence we jump from one attracting period-2 cycle to the symmetry-re-
lated one. (b) Detailed view of one of the branches in the period-4 window in the bifurcation diagram at 5.404 < a < 5.467.
The structure is very much the same as the one of the branches in the initial period-doubling cascade at 2 < a < 4.679. At
a =~ 5.432 the symmetric period-4 cycle bifurcates into two symmetry-related ones, which separately show period-doubling.
For this plot a was increased in steps of 0.0001, and x = 0.427 was chosen as fixed initial point. The other parameters are
kept the same as in (a). It was necessary to change the initial point for the iteration to ensure that the initial condition changes
the basin of attraction only once (at a & 5.436). A typical initial condition, that is chosen outside the chaotic bands, changes

the basin of attraction so frequently that the breaking of symmetry can no longer be discerned.

has not yet bifurcated into symmetry-broken orbits.
The symmetric period-2 orbit is the only stable cycle,
and almost all initial conditions approach this orbit.
In Fig. 3b the corresponding plot is given for symme-
try-broken period-2 orbits. In this case, there are two
attracting orbits. As the orbits are symmetry related,
half of the initial conditions are attracted to either one.
As shown in Fig. 3¢ this dependence on initial condi-
tions becomes much more complex in the period-4
window. The basins of attraction are intertwined to
such a degree that they cannot be distinguished in
these plots. In the vicinity of nearly all initial condi-
tions belonging to one attractor there are points that
approach the other attractor. This already indicates
that the saddle on the boundary separating the basins
of attraction has become fractal at these parameter
values.

3. Analogy to Chaotic Scattering

For chaotic scattering [4] there is sensitive depen-
dence of the final state on the incident impact param-

eter, which is well understood by now. It is due to a
chaotic saddle in phase space which is commonly
visualized by dwell-time plots [5]. A relation to these
methods may be set up by regarding the asymptotic
attractors in f as outgoing states for transients on the
chaotic saddle: To define the dwell time one assigns a
symbol sequence 6,0, 0,050, - to every initial
condition x, by setting

— for  fi(xg)e[—1, Xpal
Gi = 0 fOI' fi(xo) € [xmax’ xmin] ’
+ for fi(xq) € [Xmin» 1]

where x,,, and x,;, are the position of the maximum
and the minimum of f given by x= —“-L and

a—L respectively (cf. Figure 1). When the parame-
ter a exceeds its critical value at the period-doubling
bifurcation by a sufficient amount [11] the symmetric
period-2 orbit corresponds to — +, and the symme-
try-broken orbits to 0+ and 0—, respectively. Note
that the inversion symmetry also holds for this encod-
ing: the orbit — + is invariant under multiplication of

all symbols with —1, while 0+ and 0— are mapped

X=
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Fig. 3. Dwell-time plots are shown in the upper parts of the plots. To set up the connection with basin boundaries, the
attractor an initial condition is heading to is shown in the lower part of the plots. The parameter values (a) a = 3.9, (b) a = 4.40
and (c) a = 5.446 are chosen for the respective plots. In (a) the symmetric period-2 cycles {x7} is attracting. In (b) and (c),
the symmetry is broken and there are symmetry-related attracting period-2 and period-4 cycles, respectively. The attracting
2-cycle {x2} in part (b) has coordinates {0.65, —0.35}. It is indicated by arrows at the right-hand border of the lower plot.

By symmetry, the other 2-cycle {x2} has coordinates {0.35,

—0.65}. Similarly, one attracting period-4 cycle in part (c) is

indicated by arrows. It has coordinates {0.4486, —0.8985, —0.4018, 0.9072}, while the symmetry-related one has coordinates
{0.4018, —0.9072, —0.4486, 0.8985}. Only six lines can be distinguished 1n this plot, because the difference of the lines at

+0.8985 and at +0.9072 is not resolved in the figure.

onto each other. A typical initial condition will give
rise to a symbol sequence which after behaving non-
periodic for a while, finally follows one of the attract-
ing cycles. After all, at the beginning its position in the
interval [—1, 1] strongly depends on its initial condi-
tions, while finally the point can hardly be distin-
guished from the stable cycle it is attracted to. One can
easily remove the asymptotic periodic part from the
initial aperiodic one. The number of symbols in the
initial part represents the length of the transient until
the attractor is approached. In the following this num-
ber will be called the dwell time of the transient start-
ing in x,. It is plotted in the dwell-time plots given in
the upper parts of Figure 3. Points not being attracted
to the stable cycles have an infinite dwell time. Their
positions can easily be read off in the dwell-time plot
although they are difficult to visualize otherwise, as
they form a set of measure zero on the line of initial
conditions. In particular, the form of the repeller on
the basin boundary follows from these plots. When
there is only a stable 2-cycle (Fig. 3a) all points but the
unstable fixed point in the origin and its pre-images
approach the 2-cycle. There are no fractal or quasi-
fractal sets, yet.

The structure of the dwell-time plot is much more
interesting for the symmetry-broken orbits (Fig-
ure 3b). Still, there are singularities at the fixed point
x =0 and its pre-images. Now, however, there is a
multitude of additional singularities which corre-

spond to the pre-images of the symmetric period-2
cycle. It is easily recognized that the symmetric 2-cycle
separates the basins of attraction of the symmetry-
broken 2-cycles. Therefore, its pre-images separate
these domains, too: points in a sufficiently small neigh-
borhood to the left and to the right of these pre-images
approach different asymptotic states. This can be ver-
ified from the plot of the final state on initial condi-
tions given in the lower part of the figure. The set of
singularities in the dwell-time plot is already quite
complicated for these parameter values. E.g. it is self-
similar in the vicinity of the origin (Figure 4). The
complexity of this set is the origin of the quasi-fractal
dependence on initial conditions as it has been re-
ported in [3]. However, the basin boundaries are not
yet fractal at these parameter values. To that end a
non-countable set of points with self-similarly orga-
nized neighborhoods has to be present while there are
only countably many in this case, namely the one
around the unstable fixed point at x = 0, and its pre-
images. (Note that the pre-images of self-similar
neighborhoods are self-similar themselves.) This can
be inspected by comparison with Figure 3a. The self-
similar set of singularities around these points is due
to a heteroclinic connections of the fixed point x =0
and the symmetric period-2 cycle. The points on this
orbit converge towards x = 0 under backward itera-
tion. All of them give rise to a singularity in the dwell
time, because they approach the (non-attracting) sym-
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Fig. 4. At a = 4.40 the dwell-time plot shows a self-similar
structure around the unstable fixed point x = 0 and its pre-
images. The plot shows enlargements of the self-similar re-
gions around (a) x =0 and (b) to the left of x =1, respec-
tively. Note that, except for x = + 1, the self-similar structure
is restricted to isolated points. Therefore the set of singular-
ities is not a fractal.

metric period-2 cycle instead of one of the symmetry-
broken ones under forward iteration. Analogously,
the sets of singularities around the pre-images of x = 0
are given by “pree-images of the heteroclinic connec-
tion”. (Keep in mind that the pre-images are not
unique for the map (5).)

There also is a geometric approach to argue that the
set of singularities in Fig. 3b is not fractal. To this end
we look at the set %, of initial conditions that have
transients longer than n. This set is composed of M,
intervals. Most of these intervals do not split, but only
shrink in size. Only the ones in the center of a self-sim-
ilar neighborhood split into three under going from n
to n+ 1: M, grows quadratically in this case. For a
fractal, on the other hand, the number of intervals has
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to grow exponentially. An example for such a behav-
ior is shown in Figure 3c. It shows a dwell-time plot
for the symmetry-broken period-4 cycles at a = 5.42.
In that case almost all intervals split in every step
n — n+1 so that the number of intervals grows faster
than 2". The set of singularities forms a fractal, and the
corresponding saddle separating the basins of attrac-
tion of the two cycles shows chaotic behavior. The
induced strongly chaotic behavior is the reason that
one cannot identify intervals of initial conditions go-
ing to one of the symmetry-broken cycles when one
starts outside the immediate vicinity of the attracting
orbits. For most initial conditions the attracting set
shown at the lower part of Fig. 3¢ looks like an 8-cy-
cle. However, from the numerical data one sees that
there are actually two 4-cycles, and that the initial
conditions change on an extremely fine scale between
these two.

4. Summary

In this paper we have studied the basin of attraction
of symmetry-related periodic attractors in a one-di-
mensional model. We have pointed out that the sensi-
tive dependence of the final state (ie. the attractor
approached) on the initial conditions is caused by a
repeller on the basin boundary. Dwell-time plots [5]
have been used to visualize repellers in the context of
chaotic scattering [4]. Adoption of this technique for
the present problem allows to distinguish smooth,
quasi-fractal and fractal behavior by visual inspection.
This is an advantage compared to approaches in the
literature that rely on testing the accessibility of
boundary points from the interior of basins of attrac-
tion [2], or on plotting the final state as function of
initial conditions [3]: the former approach is labori-
ous, in general, while the latter one gives less informa-
tion on the structure of the repeller. A combination of
the latter approach and dwell-time analysis, however,
provides an efficient numerical tool allowing for a
straightforward inspection of the repeller and the re-
lated fractal or quasi-fractal behavior. Moreover, this
approach is interesting from a conceptual point of
view because it relates concepts introduced to study
the structure of basin boundaries in systems with mul-
tiple attractors with concepts of transient chaos.
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